We present a Froggatt-Nielsen flavor model that yields a minimal realization of the type-I seesaw mechanism. This seesaw model is minimal for three reasons: (i) It features only two rather than three right-handed sterile neutrinos: N 1 and N 2 , which form a pair of pseudoDirac neutrinos; (ii) the neutrino Yukawa matrix exhibits flavor alignment, i.e., modulo small perturbations, it contains only three independent parameters; and (iii) the N 1,2 coupling to the electron flavor is parametrically suppressed compared to the muon and tau flavors, i.e., the neutrino Yukawa matrix exhibits an approximate two-zero texture. Crucial ingredients of our model are (a) Froggatt-Nielsen flavor charges consistent with the charged-lepton masses as well as (b) an approximate, discrete exchange symmetry that manifests itself as N 1 ↔ i N 2 in the heavy-neutrino Yukawa interactions and as N 1 ↔ N 2 in the heavy-neutrino mass terms.
Introduction: Seeking the most minimal realization of the type-I seesaw model
The type-I seesaw model [1] [2] [3] is an elegant and well motivated extension of the Standard Model (SM). Not only is it capable of explaining the small masses of the SM neutrinos, it also offers the possibility to account for the observed baryon asymmetry of the universe via leptogenesis [4] . In its usual form, the seesaw mechanism supposes the existence of three righthanded Majorana neutrinos, N I (I = 1, 2, 3), that participate in Yukawa interactions with the three charged-lepton flavors, α (α = e, µ, τ ), as well as with the SM Higgs, H. This realization of the seesaw mechanism comes with 18 physical parameters at high energies (nine complex Yukawa couplings y αI plus three Majorana masses M I minus three unphysical charged-lepton phases), which provides enough parametric freedom to reproduce all of the neutrino oscillation observables measured at low energies, i.e., the solar and atmospheric mass-squared differences ∆m 2 sol and ∆m 2 atm as well as the three mixing angles sin 2 θ 12 , sin 2 θ 13 , and sin 2 θ 23 [5, 6] .
The success of the type-I seesaw model with three right-handed neutrinos backs its preeminent role among all conceivable extensions of the Standard Model. On the other hand, the high dimensionality of the seesaw parameter space may also be regarded as a drawback, as it diminishes the model's predictive power. Without further restrictions, the standard seesaw model is, e.g., neither able to predict the amount of CP violation in the lepton sector nor the ordering of the light-neutrino mass spectrum. This serves as a motivation for studying restricted, more minimal versions of the seesaw mechanism [7, 8] , in which the size of the full seesaw parameter space is reduced and which, thus, boast a larger predictivity. At any experimental stage, one would, in particular, like to identify the current most minimal realization of the seesaw model with the least number of free parameters that is still in accord with the experimental data. This most minimal seesaw model (at a certain experimental stage) is then singled out by its maximal predictivity, making it an important benchmark scenario for any future experimental update. 1 In this Letter, we are going to explicitly construct such a most minimal seesaw model from a UV perspective. Our starting point is what is typically referred to as the minimal seesaw model : the ordinary type-I seesaw model featuring only two rather than three right-handed neutrinos [10] [11] [12] [13] . Here, note that the case of two right-handed neutrinos is experimentally still allowed, as we currently lack knowledge of the absolute neutrino mass scale. It is, hence, still a viable possibility that the lightest SM neutrino mass eigenstate is in fact massless. In this case, only two right-handed neutrinos are needed to account for the nonzero mass-squared differences ∆m 2 sol and ∆m 2 atm . This complies with the fact that successful leptogenesis in the seesaw model does require two right-handed neutrinos, but not necessarily more [12, 14] (see also [15, 16] ). Within the framework of the minimal seesaw model, we shall now study a particular UV completion subject to two constraints: (i) a certain Froggatt-Nielsen flavor symmetry [17] consistent with the SM charged-lepton mass hierarchy [18] as well as (ii) an exchange symmetry in the heavy-neutrino sector. Let us now discuss these two ingredients of our model in turn. 1 In addition, one may argue that minimal models are more appealing from the viewpoint of Occam's razor [9] .
Step 1: Froggatt-Nielsen flavor model for two right-handed neutrinos
The Yukawa interactions and mass terms of the heavy neutrinos N 1,2 in the minimal seesaw model are described by the following Lagrangian (in two-component spinor notation), 2
Without further restrictions, this model has 11 physical parameters at high energies. One can convince oneself that this is sufficient to fit all of the neutrino oscillation data, while still keeping some parametric freedom at low energies [19] . In quest of a most minimal realization of the type-I seesaw mechanism, we would, therefore, like to be more restrictive. To this end, we shall now embed the Lagrangian in Eq. (1) into the Froggatt-Nielsen (FN) model presented in [18] .
This flavor model explains the quark and charged-lepton mass hierarchies observed in the Standard Model as a consequence of a spontaneously broken Froggatt-Nielsen U (1) FN flavor symmetry. In a first step, it supposes that, at energies around the scale of grand unification, Λ GUT ∼ 10 16 GeV, the SM Yukawa sector is described by an effective theory with cut-off scale Λ Λ GUT . In this effective theory, the SM fermions, f i ∈ { i , q i }, as well as the SM Higgs are assumed to couple to a SM singlet, the so-called flavon field Φ, via different (effective) operators, 3
Here, i is a generic flavor index and the a ij are dimensionless, undetermined coefficients of spontaneously. This generates the SM Yukawa couplings. At this point, the ratio Φ /Λ defines a universal small parameter, which provides a useful parametrization of the SM Yukawa matrices,
The authors of [18] focus on FN charges that commute with SU (5). They group the SM fermions into representations of SU (5) and assign universal charges to each multiplet, see Tab. 1. Setting the FN hierarchy parameter 0 to a particular value, 0 0.17, this simple model then manages to reproduce the phenomenology of the SM quark and charged-lepton mass matrices.
As indicated in Tab. 1, we shall now extend the FN model of [18] to the heavy-neutrino sector.
In doing so, let us assume that the FN dynamics are not only responsible for the structure of the heavy-neutrino Yukawa couplings, but also for the hierarchy among the heavy-neutrino masses, 
where each entry comes with an O (1) uncertainty and where y 0 quantifies the universal suppression of all Yukawa couplings because of the right-handed neutrino charge q.
To be more precise, we may explicitly parametrize the Yukawa matrix y αI in our model as follows,
cos θ e e iϕe sin θ e e i(ϕe+∆ϕe) cos θ µ e iϕµ sin θ µ e i(ϕµ+∆ϕµ) c µτ cos θ τ e iϕτ c µτ sin θ τ e i(ϕτ +∆ϕτ )
Here, − π 2 ≤ θ α ≤ π 2 denote three "mixing angles", 0 ≤ ϕ α ≤ 2π and 0 ≤ ∆ϕ α ≤ 2π are three phases and phase shifts, respectively, and c µτ is a dimensionless number of O (1). The FN hierarchy parameter is expected to take a value close to the one deduced in [18] , 0 0.17.
But in order to remain conservative, we shall also allow for small deviations from this value.
Step 2: Exchange symmetry in the heavy-neutrino Yukawa and mass terms Our expression for y αI in Eq. (6) trivially exhibits the same number of undetermined parameters as the most general 3 × 2 Yukawa matrix: six absolute values (y 0 , , c µτ , and θ α ) plus six phases (ϕ α and ∆ϕ α ). More work is, therefore, needed to arrive at a more minimal realization of the type-I seesaw mechanism. Inspired by the FN charge assignment in Tab. 2 as well as by the resulting estimate for y αI in Eq. (5), we are now going to make our second model assumption: We suppose an approximate exchange symmetry in the heavy-neutrino Yukawa (and mass) terms, which means that tan θ α ≈ 1 for all flavors. Up to small perturbations, this reduces the number of independent absolute values in y αI from six (y 0 , , c µτ , and θ α ) to three (y 0 , , and c µτ ).
The assumption in Eq. (7) immediately entails the question as to whether such a Yukawa matrix is still capable of accounting for all of the low-energy observables. For an exact exchange symmetry the answer is negative, as it would always be inconsistent with three nonzero mixing
angles. An approximate exchange symmetry, |y α1 | = |y α2 + δy α |, is, by contrast, viable-simply because in this case, the small perturbations around the symmetric "leading-order" Yukawa couplings, |δy α | |y αI |, have their share in reproducing the low-energy oscillation data. To see this explicitly, it is best to employ the Casas-Ibarra parametrization (CIP) [21] for the neutrino Yukawa matrix y αI . In the case of only two right-handed neutrinos, the CIP can be brought into the following compact and dimensionless form (see [22] for more details),
where z is an arbitrary complex number and where κ αI and V ± α are defined as follows,
Here, v ew 174 GeV denotes the electroweak scale, m i are the SM neutrino mass eigenvalues, and U is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) lepton mixing matrix [23, 24] . The neutrino indices (k, l) need to be chosen as (2, 3) in the case of a normal mass hierarchy (NH), m 1 < m 2 < m 3 , and as (1, 2) in the case of an inverted mass hierarchy (IH), m 3 < m 1 < m 2 .
With these definitions, one recognizes κ αI as dimensionless and rescaled Yukawa couplings, while From Eq. (8), it is now immediately evident that the parameter space of the minimal seesaw model does, indeed, encompass regions in which the requirement in Eq. (7) is satisfied. All we have to do is to give the auxiliary parameter z = (z R + i z I ) / √ 2 a large imaginary part z I ,
That is to say that, for |z I | 1, we obtain |κ α1 | |κ α2 |. Thanks to the approximate degeneracy among the heavy-neutrino masses in our model, M 1 M 2 , this readily implies |y α1 | |y α2 |.
In [22] , this situation is referred to as flavor alignment, which reflects the fact that, for similar column vectors in y αI , the linear combinations of charged-lepton flavors coupling to N 1 and N 2 , respectively, I ∝ y αI α , are closely aligned to each other in the (e, µ, τ ) flavor space. To demonstrate more explicitly how large values of |z I | lead to flavor alignment in the neutrino Yukawa matrix, we may also study the z I dependence of the angles θ α in Eq. (6) . The outcome of this analysis is shown in Fig. 1 , which confirms that, for large enough |z I |, the condition in Eq. (7) is more or less fulfilled. For |z I | 2, all tan θ α expectation values converge to unity.
A further lesson from Eq. (10) is that flavor alignment in the neutrino Yukawa matrix can only be realized at the cost of a specific phase relation between y α1 and y α2 ,
which leaves us (up to a discrete sign) with only one choice for the phase shifts in Eq. (6), ∆ϕ α −s π/2. Modulo small perturbations, the assumption of an approximate exchange symmetry in the Yukawa matrix, therefore, eliminates six parameters: three angles, θ α , as well as three phase shifts, ∆ϕ α . On top of that, one can always absorb the remaining three phases, ϕ α , into the charged-lepton fields. In the limit of an exact exchange symmetry, the number of free parameters in the neutrino Yukawa matrix, thus, reduces to three (y 0 , , and c µτ ). Out of these, y 0 and can, however, be estimated within the context of our flavor model. Therefore, with the O (1) parameter c µτ remaining as the only parameter in the neutrino Yukawa matrix that we do not have a theoretical handle on, this truly is a most minimal realization of the type-I seesaw model! In summary, we conclude that, in consequence of our two model assumptions, the seesaw Lagrangian in Eq. (1) can now approximately be written as follows,
where
This seesaw Lagrangian is minimal for three reasons: 3. As a consequence of our Froggatt-Nielsen model, the N 1,2 coupling to the electron flavor is parametrically suppressed compared to the muon and tau flavors, 1. In other words, the neutrino Yukawa matrix exhibits an approximate two-zero texture (see also [22] ).
In our discussion up to this point, we argued that the Lagrangian in Eq. (12) follows from two physical assumptions: (i) a Froggatt-Nielsen flavor symmetry with charges as listed in Tab. 1 as well as (ii) an approximate exchange symmetry in the heavy-neutrino Yukawa and mass terms.
At the same time, we demonstrated that Eq. (12) can also be obtained in the large-|z I | limit of the CIP. This indicates that, despite its extreme minimality, the Lagrangian L seesaw in Eq. (12) ought to be able to reproduce all of the low-energy neutrino data. We will now show that this is, indeed, the case and discuss further predictions that one can deduce from Eq. (12).
Predictions: Normal light-neutrino mass hierarchy and maximal CP violation
One of the main predictions of our Froggatt-Nielsen flavor model is that the Yukawa couplings of the electron, muon, and tau flavors have to exhibit a certain, characteristic hierarchy,
Moreover, thanks to our approximate exchange symmetry, |y α1 | ≈ |y α2 |, this readily implies
To check the compatibility of these predictions with the experimental data, we shall now utilize the CIP in Eq. (8) and examine the parameter dependence of |y eI | / |y µJ | and |y τ I | / |y µJ | in the large-|z I | limit. Making use of the results obtained in the previous section (see Eq. (10)), we immediately see that, in this limit, both ratios may be expressed as follows (using M 1 M 2 ),
Here, recall that the V ± α are defined as linear combinations of elements (V αk and V αl ) of the rescaled PMNS matrix V , see Eq. (9). For our purposes, the message from Eq. (15) is that, in the large-|z I | limit, all Yukawa ratios become independent of the auxiliary parameter z. On the assumption of flavor alignment, the ratios |y eI | / |y µJ | and |y τ I | / |y µJ |, therefore, end up being functions of the low-energy observables encoded in V only. More explicitly, these observables consist of: the light-neutrino mass eigenvalues m i , the three neutrino mixing angles θ ij as well as the CP -violating phases δ and σ. Setting the light-neutrino mass eigenvalues and mixing angles to their measured values (see Tab. 2) thus turns the ratios |y eI | / |y µJ | and |y τ I | / |y µJ | into functions of the yet undetermined phases δ and σ. In Fig. 2 , we plot these functions for both NH and IH as well as for both possible signs of z I in the large-|z I | limit, s = sign {z I } = ±1. Fig. 2 lead us to several interesting observations:
Our numerical results in
1. In the case of an inverted hierarchy, the ratio of the electron and muon Yukawa couplings is bounded from below, |y eI | / |y µJ | 0.30. This is inconsistent with the expectation that, in our Froggatt-Nielsen flavor model, we should rather find |y eI | / |y µJ | 0 0.17.
We therefore conclude that the IH case is unviable from the perspective of our model. In this sense, the above plots may also be understood as predictions for δ and σ in dependence of and cµτ .
The expected values for and cµτ correspond to be shown to be inconsistent with the assumption of a normal mass hierarchy [9, 25] . When attempting to realize an exact texture (such as, e.g., y e1 = y µ2 = 0), one is unavoidably led to assume an inverted hierarchy. As shown by the systematic study in [22] , the NH case only remains viable as long as one allows for perturbations around the exact zeros.
3. As evident from the green contours in Fig. 2 4. We do obtain more precise predictions for δ and σ as soon as we impose more restrictive conditions on the parameter c µτ . In general, c µτ is expected to any number be of O (1).
However, if we insist on c µτ being very close to unity, c µτ 1 (see the red dashed contours), only four viable combinations of δ and σ remain (see the red dots in the lower-left panel), Our last result (#4) relies on the assumption that c µτ 1, which may also be supported by several physical considerations. First of all, c µτ 1 should be regarded as the naive expectation from our flavor model. In addition to that, setting c µτ to a value close to unity leads to an approximate mu-tau symmetry in the seesaw Lagrangian (see [26] for a review), which nicely complies with our FN charge assignment. Last but not least, it removes the last free parameter in our model that we do not have theoretical control over. With c µτ 1, Eq. (12) turns into
where we have also set to 0 and s = sign {z I } to s = −1 according to our findings in Fig. 2 .
Thanks to its additional mu-tau symmetry, the Lagrangian in Eq. (17) is even more minimal than the one in Eq. (12) . In fact, the only remaining parameters in Eq. (17) that are not fixed by our flavor model are the FN charge q as well as the mass scale M 0 , see Eq. (4). Here, M 0 exhibits in particular a one-to-one correspondence to the parameter z I . In the flavor-aligned limit and for sign {z I } = −1, it follows from the relations in Eqs. (4), (9), (10), and (14) that This allows us to express the heavy-neutrino (pseudo-) Dirac mass M as a function of q and z I ,
We plot this function for several values of q and for a representative range of z I values in Fig. 3 .
In addition, we also show upper bounds on M from the requirement of electroweak naturalness, following the discussion in [16] . The philosophy behind these bounds is the following: Because of their Yukawa interactions with the SM leptons as well as with the SM Higgs, the heavy neutrinos yield radiative corrections, δµ 2 , to the mass-squared parameter in the SM Higgs potential, µ 2 ,
The larger these corrections are (compared to v ew ), the more fine-tuning is needed to eventually arrive at a SM Higgs mass of 125 GeV. The requirement of electroweak naturalness, thus, imposes an upper bound on δµ 2 , which, in turn, translates into an upper bound on M ,
As evident from Fig. 3 , this bound, if taken seriously, rules out FN charges smaller than 4.
Meanwhile, a heavy-neutrino FN charge of q = 4 is marginally consistent with the requirement of electroweak naturalness. All larger FN charges, q = 5, 6, · · · lead to negligibly small corrections to the Higgs mass parameter, δµ 2 (100 GeV) 2 and are, thus, perfectly allowed.
The authors of [16] also study resonant leptogenesis [27] [28] [29] in the minimal seesaw model.
They arrive at the conclusion that successful leptogenesis is, indeed, feasible, provided that |z I | does not take too large a value, |z I | 4 for M 1 TeV. Moreover, the authors of [16] conclude that the requirements of successful leptogenesis and electroweak naturalness provide the strongest constraints on the parameter space of the minimal seesaw model for heavy-neutrino masses larger than about 10 4 GeV. In this mass range, the bounds from vacuum (meta-) stability, perturbativity, and lepton flavor violation turn out to be less constraining. For our purposes, this means that-as can be seen from Fig. 3 -our model does admit parameter solutions that comply with all of these theoretical constraints and that, at the same time, still allow for successful leptogenesis! All we have to do is to assign the heavy neutrinos an FN charge larger than 3 and set the heavy-neutrino mass scale M 0 to a value of O 10 12 · · · 10 14 GeV.
Conclusions and outlook
In closing, let us summarize our most minimal realization of the type-I seesaw model. The starting point of our construction was the minimal seesaw model featuring only two rather than three heavy neutrinos [10] [11] [12] [13] . In two steps, we first embedded this model into the FroggattNielsen model of [18] and then made the assumption of an approximate exchange symmetry that manifests itself as N 1 ↔ i N 2 in the heavy-neutrino Yukawa terms and as N 1 ↔ N 2 in the heavy-neutrino mass terms. After eliminating the last undetermined parameter, c µτ , by assuming an approximate mu-tau symmetry [26] , we then arrived at the following Lagrangian, Up to this point, we have been working in a field basis in which the heavy-neutrino mass matrix is diagonal, see Eq. (1). But it is also instructive to present the Lagrangian in Eq. (22) in a slightly different basis. Rotating the neutrino fields N 1 and N 2 to a new basis, such that
we clearly see that the heavy neutrinos form a pair of pseudo-Dirac fermions with mass
Here, note that our exchange symmetry defined in terms of N 1,2 now acts as follows onÑ 1,2 ,
Again, the first discrete symmetry plays the role of an approximate symmetry of the Yukawa interactions, while the second discrete symmetry is an approximate symmetry of the mass term.
Interestingly enough, the Lagrangian in Eq. (24) is very similar to the one appearing in the recently proposed model of scalar neutrino inflation in supersymmetry [34] (see also [15, 35] ). In this model, the supersymmetric version of Eq. (24) is responsible for the exponential expansion of the universe during inflation in the early universe. The scalar superpartner ofÑ 2 plays the role of the inflaton field, while the scalar superparter ofÑ 1 acts as a so-called stabilizer field.
To realize successful inflation in this model, it is important that the Yukawa couplings of the superfieldÑ 2 be suppressed compared to the Yukawa couplings of the superfieldÑ 1 . In [34] , this requirement is met by assuming an approximate shift symmetry in the direction of the inflaton field. In our case, the Yukawa interactions ofÑ 2 are, by contrast, suppressed in consequence of the approximate discrete symmetries in Eq. (25) . In this sense, our model strongly parallels the construction in [34] , which may point to a deeper connection. It thus appears worthwhile to embed our model into supersymmetry and study its implications for inflation more carefully.
In view of Eq. (24), it is also important to note that our seesaw Lagrangian in Eqs. (22) and (24) only represents a leading-order approximation that receives symmetry-breaking corrections.
The Lagrangian in Eq. (24) exhibits, e.g., a lepton number symmetry under whichÑ 1 andÑ 2 carry charges −1 and +1, respectively. This indicates that Eq. (24) predicts vanishing lightneutrino masses, which is, of course, in conflict with the experimental data. Nonzero neutrino masses follow in our model from the small symmetry-breaking corrections to Eqs. (22) and (24) .
In our numerical analysis, we are correspondingly unable to predict the light-neutrino masses.
Instead, we use them as input data to calculate the elements of the rescaled PMNS matrix V .
By making use of the fact that the matrix V determines the ratios of Yukawa couplings in the flavor-aligned limit (see Eq. (15)), we are then able to predict the CP phases δ and σ, see Fig. 2 .
In this Letter, we merely outlined the broad characteristics of our model and more work is needed. For one thing, our numerical analysis should be complemented by an analytical treatment. This would help gain a better understanding of our numerical results. In particular, one would like to achieve a better understanding of the parameter dependence of our results in Fig. 2 . Such an analysis would allow to study the stability of our findings under variations of the experimental input data. For another thing, one would like to embed the Lagrangian in Eq. (22) into a larger framework for physics beyond the Standard Model. The origin of the scale M 0 is, e.g., unaccounted for in our model. It is therefore desirable to study possible connections between M 0 and, say, the scale of grand unification (which is only four to two orders of magnitude larger than M 0 ). Moreover, one should attempt to explain the origin of the particular symmetries in Eq. (25) . Such symmetries may, e.g., be related to certain boundary conditions in extradimensional orbifold constructions [30] [31] [32] [33] . All of these questions are, however, beyond the scope of this paper, which is why we leave them for future work. For the time being, we content ourselves with the Lagrangian in Eq. (22) , concluding that it represents a remarkably simple realization of the type-I seesaw mechanism. Our model complies with all theoretical constraints and makes important predictions for the neutrino mass ordering as well as the Dirac phase δ.
